Abstract. In this note we give a necessary and sufficient condition for the existence of a fiber preserving branched covering between two closed, orientable Seifert manifolds (for sufficiency we need the additional assumption that the genus of the base orbifold of the target manifold ≥ 1). Combining this with two theorems of Rong we get a necessary and sufficient condition for the existence of a nonzero degree map between two such manifolds.
Introduction
In [7] Yongwu Rong proved:
Theorem. Let f : M → N be a nonzero degree map between closed P 2 -irreducible Seifert manifolds of infinite π 1 . Then f pgπ, where π is a composition of finitely many vertical pinches, g is a fiber preserving branched covering, and p is a covering. Furthermore, p can be chosen to be the identity map unless N is a Euclidean manifold.
Using this theorem Rong [8] gave a necessary and sufficient condition for the existence of a degree one map between two aspherical, closed, orientable Seifert manifolds (see Theorem 3.2 of [8] ), and proved as a corollary: If M is an aspherical, closed, orientable Seifert manifold, then there are only finitely many aspherical Seifert manifolds N such that there exists a degree one map f : M → N (see Corollary 4.1 of [8] ).
In this note we try to generalize the results above in [8] to the case of arbitrary degree (but for sufficiency we need the additional condition that the orbifold genus of the target manifold ≥ 1). In Section 1 we give two general facts about branched coverings of Seifert manifolds, which will not be used in the later sections. Then we give a necessary and sufficient condition that there exist a fiber preserving branched covering between two closed, orientable Seifert manifolds (for sufficiency we need the additional assumption that the orbifold genus of the target manifold ≥ 1) (see Theorem 2.2 in Section 2). One of the key ingredients in the proof is a theorem of Husemoller (see Theorem 4 of [4] and Proposition 3.3 of [2] ) which guarantees the existence of the branched covering of a closed, orientable surface with nonpositive Euler characteristic with any given branch data with even total branching. As a consequence, we get an elementary proof of the naturality of the Euler numbers of Seifert manifolds [6] . Combining Theorem 2.2 with Rong's theorems above we get a necessary and sufficient condition that there exist a nonzero degree map between two such manifolds (see Theorem 3.0 in Section 3). As a consequence, we show that for a given aspherical, closed, oriented Seifert manifold M and a nonzero integer d, there are only finitely many such Seifert manifolds N such that there is a degree d map f : M → N (see Corollary 3.1).
Two general facts about branched coverings of Seifert manifolds
In this section we generalize two well-known facts about coverings of Seifert manifolds to the case of branched coverings, which will not be used in the later sections.
Proposition 1.0. A finite sheeted branched covering space of a Seifert manifold branched over fibers admits a Seifert fibration.
The proof is easy and omitted.
Remark. If we remove the condition "branched over fibers", then the result is obviously not true. [1] , [3] , S − N (B p ) admits a Seifert fibration, which can extend to N (B p ) such that B p consists of some fibers as is easily seen.
Conversely, we have
Note that for any nonzero degree map f : M → N between two aspherical, closed Seifert manifolds, we have f f 1 p, where p : M → M 1 is a fiber preserving branched covering (in fact p is the natural projection from M to some M/Z n , where Z n is in the S 1 action on M ), and f 1 * (h) = h, where h represents regular fibers of both M, N . So we shall first consider nonzero degree map f : M → N of fiber degree 1 in the next section.
Fiber preserving branched coverings between Seifert manifolds
From now on, "Seifert manifold" will always mean an oriented closed connected 3-manifold admitting a fixed point free action of S 1 . As is well known, such a manifold is equivariantly classified by its "Seifert invariants" [10] . We shall use unnormalized Seifert invariants (see [6] 
The unnormalized Seifert invariant of a Seifert manifold M is not unique. We can transform it while not changing the isomorphic type of the Seifert fibration of M by the following moves which we call equivalent moves (see [6] , [8] ):
(1) permute the r i .
(2) add 0 to or delete 0 from the list r 1 , . . . , r n . (3) replace r i , r j by r i + 1, r j − 1.
As preparation, let's see when there exists a k-fold fiber preserving branched covering of fiber degree 1 between two Seifert fibered solid tori V 1 and V 2 such that upstairs and downstairs branch sets are their central fibers.
Let the Seifert invariant of V 2 be (α 2 , β 2 ) under a (cross section, fiber) basis (c 2 , h 2 ), i.e. the meridian µ 2 of V 2 can be represented by c By the definition of branched covering we can write
s , where we set the Seifert invariant of
Conversely, if V i has Seifert invariant (α i , β i ), and α i , β i (i = 1, 2), and k satisfy the relation above, then clearly there exists a branched covering V 1 → V 2 satisfying the given condition (by a direct construction; cf. [10] ). Conversely suppose the Seifert invariants of M ,N satisfy the relation in the lemma we'll go to construct a branched covering f : M → N as required. Let . . . , A n , A n+1 , . . . , A n+k }, where A i (i = 1, . . . , n) 
extends to a d-fold fiber preserving branched covering f : M → N with fiber degree one.
Remark. In the proof of the necessity of the lemma above we do not need the condition g ≥ 1. But for sufficiency we do need g ≥ 1 as shown in the following example. In the case of arbitrary fiber degree we have the following: Sufficiency can be proved by a direct construction as in the lemma above.
Theorem 2.2. Let M , N be closed, oriented Seifert manifolds with Seifert invariants
As an application we have the following. Remark. The proof of the fact above sketched in [6] used more algebraic topology, while our proof here is quite elementary.
Corollary 2.4 ([8]). Let M , N be closed, oriented Seifert manifolds, where χ(O N ) ≤ 0. Suppose there is a d-fold fiber preserving branched covering
f : M → N with orbifold degree d 2 . Then |χ(O M )| ≥ d 2 |χ(O N )|, where O M (resp. O N )
is the base orbifold of M (resp. N ) and χ(O M ) (resp. χ(O N )) is its Euler characteristic. The equality holds if and only if f is a covering.
Proof. It follows from a direct computation using the Theorem. Combining these two things the proof is complete.
Remark. It is indicated in [8] that the inequality in Corollary 2.4 can be proved by a covering space argument. This in turn depends on the fact that every good, compact 2-dimensional orbifold without boundary is finitely covered by a manifold (see for example [9] ). But the proof of this fact is not very easy. We also note that the inequality has independent meaning, i.e. it can be applied directly to 2-orbifold branched coverings. We note that however the condition "nd − |R| ≤ 2d 
Applications to nonzero degree maps between Seifert manifolds
Now we can generalize Theorem 3.2 of [8] to the case of arbitrary degree (but for sufficiency we need the additional assumption that the orbifold genus of the target manifold ≥ 1). 
